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A general approach is outlined to predict the chemical compositions of solute nanoclusters embedded in
materials with nearly free electrons. Based on the experimental results of the two-dimensional angular corre-
lation of positron annihilation radiation and the corresponding theoretical calculations, we show that the Fermi
surface �FS�–Brillouin zone interaction is a key to understand the chemical composition realized in solute
nanoclusters because the presence of FS necks at zone boundaries causes a reduction in electron energy due to
the band-gap effect.
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Solute nanoclusters in alloys play important roles in the
electronic and magnetic properties of recent quantum devices
and in the mechanical properties of structural materials.
From a fundamental material physics point of view, it is of
significant interest to reveal the formation mechanism and
phase stability of the nanoclusters based on the understand-
ing of their electronic structures.

In 2000, we reported that a positron, an antiparticle of an
electron, is a self-seeking and site-selective probe of the sol-
ute nanoclusters.1 It was confirmed that the positron can also
be confined in solute nanoclusters with positron affinities
higher than that of the matrix, even if the nanoclusters are
free from open volume defects.1–3 This unique characteristic
of the positron enables us to obtain information regarding the
electronic structure of the solute nanoclusters, which has not
been studied using other techniques. By measuring the angu-
lar correlation distribution between the two annihilation
gamma photons �angular correlation of annihilation radiation
�ACAR� technique4�, the electron momentum distribution in
the nanoclusters can be directly obtained experimentally. The
first example, the Fermi surface �FS� of bcc Cu nanoclusters
coherently embedded in bcc Fe, has been clearly observed in
Ref. 5 with use of the two-dimensional �2D� ACAR
technique.4,6 Through several observations of FS topologies
of solute nanoclusters in other materials, we found a general
rule to suggest the preferential chemical composition of sol-
ute nanoclusters coherent to a matrix with nearly free elec-
trons. The purpose of this Rapid Communication is to ex-
plain the concept of the general rule using experimental 2D-
ACAR results and corresponding theoretical calculations.

The concept was inspired from a classical discussion of
FS–Brillouin zone �BZ� interaction �band-gap effects at
BZ�,7,8 often expressed in terms of the so-called Hume-
Rothery �HR� rule.9,10 The concept of the HR rule is that if
a free-electron model-type FS grows until it would contact a

BZ boundary, it may be energetically favorable for the sys-
tem to change the lattice structure to avoid the allocation of
electronic states in the higher energy band so that the new
BZ may still allocate k states in the lower energy band. Ac-
cording to this idea, a coherent and stable precipitate in a
given matrix structure should choose its chemical composi-
tions to have an optimized e /a ratio. In other words, when
the lattice structure of the very early stage precipitates is
fixed due to the coherency to the matrix, the chemical com-
position of the precipitates might be selected so that the
FS-BZ interaction effectively acts to reduce the total electron
band energy.

The material systems employed in this work are spherical
Ag and Zn nanoclusters coherent to Al matrix. These systems
are obtained as so-called Guinier-Preston �GP�-zones formed
in Al-Ag and Al-Zn alloys. Al-2.0 at. % Ag and
Al-3.0 at. % Zn single crystals were heated at 530 °C for 30
min and then quenched into iced water, followed by thermal
aging at 140 °C for 15 s. In the phase diagram of Al-Ag
there is an hcp ��� intermediate phase, while in that of Al-Zn
there is no intermediate phase; Al and Zn are mutually im-
miscible at low temperature.11 Thus, it is well known that the
Ag-rich nanoclusters consists of a mixture of Ag and host Al
atoms, while the Zn nanoclusters are nearly pure Zn in the
aged states.12,13 Positrons can be trapped due to the differ-
ence in affinity between solute vacancy-free nanoclusters and
Al matrix if the cluster size is larger than the critical radius.2

The number density of the clusters formed by the thermal
aging is sufficiently high to trap all positrons before
annihilation.4 We have already identified positron trapping in
the Ag-rich and nearly pure Zn nanoclusters using the coin-
cidence Doppler broadening �CDB� method.14 �The CDB
method can measure the momentum distribution of elemen-
tally specific inner orbital electrons and thus enables chemi-
cal identification of the positron annihilation sites.15,16�

2D-ACAR spectra were obtained using the machine of
Anger camera type.17 Spectra corresponding to the �100�-
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plane projections of the momentum distribution of electron-
positron pairs were measured. Approximately 5�107 counts
of positron annihilations were accumulated for each spec-
trum. In addition to the Al-Ag and Al-Zn alloy samples, 2D-
ACAR spectra were also measured for pure Al, Ag, and Zn
single crystals as references. The 2D-ACAR spectra were
normalized to the same total counts and smoothed to obtain a
final isotropic momentum resolution of approximately 0.15
a.u. at the full width at half maximum �FWHM�, and the
anisotropies of the spectra were then obtained �10−3mc
=0.137 a.u., where c is the speed of light and m is the elec-
tron rest mass�. The anisotropy, which is defined as the dif-
ferences between an observed 2D-ACAR and its cylindrical
average, highlights the feature of the FS shape.5

The anisotropies of the 2D-ACAR spectra for the Al-Ag
�Ag nanoclusters� and Al-Zn �Zn nanoclusters� alloys are
shown in Figs. 1�a� and 1�d�, respectively, together with
those of pure Al, Ag, and Zn in Figs. 1�b�, 1�c�, and 1�e� as
references. The anisotropies are fourfold symmetrized. The

color scale is determined so that dark red and dark blue are
assigned to the top of the peaks and the bottom of the val-
leys, respectively. The anisotropy characteristics of the Ag-
rich nanoclusters are different from that of bulk Al due to
positron trapping at the Ag-rich nanoclusters. The anisotropy
is also different from that of bulk Ag, which indicates that
the Ag-rich nanoclusters are not pure Ag but alloys of Ag and
Al, resulting in different FS shapes. The anisotropy for Zn
nanoclusters is different from that for bulk Zn; the crystal
structure of Zn nanoclusters is the coherent fcc structure, not
the hcp structure of bulk Zn.

In order to reveal the relationship between these features
of the 2D-ACAR anisotropies and the FS topologies, the
first-principles calculations of the electron band structures
and the 2D-ACAR momentum distribution were performed
for pure Al, Al3Ag �L12 structure� AlAg �L10 structure�,
AlAg3 �L12 structure�, pure Ag, and pure Zn �fcc�, using the
full-potential linearized augmented plane wave �FLAPW�
method implemented within the frame of two-component
density functional �TCDF� theory.18,19 The details of the
present calculation method are described in Refs. 5 and 20,
and references therein. By projecting the 3D electron-
positron momentum densities along the �100� axes of the
crystal structure, the 2D-ACAR distributions and their
anisotropies are obtained, and the results are shown in Fig. 2.
�In the theoretical anisotropy, the momentum resolution in
the experiments is not taken into account, i.e., not
smoothed.� The FSs are expressed in the extended zone
scheme. It should be noted that the Ag-rich nanoclusters are
considered to have disordered Ag-Al mixed structures rather
than ordered Ag-Al compound structures. However, in the
present calculations, we employed the several ordered struc-
tures because the calculations for disordered systems were
not easy. Thus, the fine structures of the FSs of Al3Ag �L12�,
AlAg �L10�, and AlAg3 �L12� would be blurred in the present
case of the nanoclusters due to the effects of the disordered
state and the finite size as stated below.

The experimental 2D-ACAR anisotropy for Ag-rich nano-
clusters �Fig. 1�a�� is well reproduced by the calculated an-
isotropy for AlAg3 and is different from those for the other
Al-Ag systems �AlAg and Al3Ag�; both the experimental and
calculated results for AlAg3 show four narrower peaks at the
momenta corresponding to the projection of the X point for
fcc BZ �red arrow in Figs. 1 and 2� and four broader peaks at
the momenta corresponding to the projection of the L point
�black arrow in Figs. 1 and 2�. By comparing the anisotro-
pies and the FS of AlAg3, the former corresponds to the six
smaller FS necks at the X point and the latter corresponds to
the eight larger FS necks at the L point. It should be noted
that the experimental anisotropy has slightly weaker ampli-
tude than the calculated anisotropy, which is considered to be
due to the size effect of the clusters, i.e., the smearing of the
momentum distribution,21,22 as well as substitutionally disor-
dered phase effects.

The experimental 2D-ACAR anisotropy for Zn nanoclus-
ters �Fig. 1�d�� is very similar to the calculated anisotropy for
pure Zn �fcc� as expected because the Zn nanoclusters are
nearly pure Zn coherent to the Al �fcc� matrix. Both the
experimental and calculated results show four peaks at the
momenta corresponding to the projection of the X point for
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FIG. 1. �Color� Three-dimensional �3D� plots of experimental
2D-ACAR anisotropies projected along the �100� direction for �a�
Al-2.0 at. % Ag �Ag-rich nanocluster�, �b� pure Al, �c� pure Ag, �d�
Al-3.0 at. % Zn �Zn nanocluster�, and �e� pure Zn. �1� The color
scale is determined so that dark red and dark blue are assigned to
the top of the peaks and the bottom of the valleys, respectively. The
peaks marked by red and black arrows in �a� arise from the X-point
neck and the overlap of two L-point necks marked in Fig. 2,
respectively.

NAGAI et al. PHYSICAL REVIEW B 79, 201405�R� �2009�

RAPID COMMUNICATIONS

201405-2



fcc BZ and corresponding to the six FS necks at the X point.
The chemical compositions for the Ag-rich nanoclusters

�around 3/4� and the Zn nanoclusters �nearly pure Zn� are
explained in terms of the FS-BZ interactions. Simply and
generally, the presence of FS necks causes a reduction in the
total electron energy due to the band-gap effect at the BZ. As
shown in Fig. 2, the average electrons per atom �e /a� is a
function of the Ag composition: e /a=1 for pure Ag, 1.5 for
AlAg3, 2 for AlAg, 2.5 for Al3Ag, and 3 for pure Al. In the
case of e /a=1, the FS has eight small necks at the L point,
which is typical of monovalent fcc metals. With an increase
in e /a, the radius of the FS increases within the framework
of the free-electron scheme so that the necks at the L point
become larger, and six necks at the X point are also formed
for e /a=1.5, which should contribute to a reduction in the
total electron band energy. The realistic band-structure cal-
culation predicts the formation of necks as shown in Fig. 2,
which is consistent with the HR rule. According to the HR
rule, when the FS grows until it would contact the BZ
boundary, a gap will form to persevere the electrons so that
they will occupy the lower energy bands and the total band
energy of the valence electrons will be reduced. However,

the necks at the L point disappear because some of the elec-
trons occupy the second BZ for e /a=2, and the necks at the
X point also disappear for e /a=2.5. These features suggest
that the increase in electrons per atom larger than �2 is not
preferable for reduction in the total electron band energy.
Thus, it is reasonable that the Ag-rich nanoclusters in the
aged state have a chemical composition that is almost AlAg3.

In the case of the Zn nanoclusters, the FS topology is very
similar to that of AlAg because both have e /a=2. The Zn
nanoclusters exhibit no neck at the L point but large necks at
the X point. If Al is mixed with the Zn nanoclusters, then e /a
increases and the radius of the FS also increases, resulting in
the disappearance of the X-point necks similar to the FS of
Al3Ag, which does not cause a reduction in the total electron
energy.

Finally, it should be mentioned that this concept is very
simplified and the materials employed may be ideal systems.
A simple application of this approach finds exceptions, such
as GP zones in the Al-Cu system, where the GP zone is
layer-type Al2Cu. For further discussion, several important
effects should be taken into account. One is the effect of
strain energy, although the strain energy in the present case is
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FIG. 2. �Color� 3D plots of calculated 2D-
ACAR anisotropies projected along the �100� di-
rection and FSs by FLAPW calculations for pure
Al, Al3Ag �L12�, AlAg �L10�, AlAg3 �L12�, pure
Ag, and pure Zn �fcc�.
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small because the atomic sizes of Ag �0.144 nm� and Zn
�0.133 nm� are very similar to that of Al �0.143 nm�. Another
is the effect of entropy; the chemical composition of the
nanoclusters depends on the temperature at which they are
formed because it is not internal energy but free energy that
should be minimized. In addition, as future work, it would
also be interesting to examine the dependence of the cluster
size on the momentum distribution.

In summary, a general rule was proposed to suggest pref-
erential chemical composition of solute nanoclusters coher-
ent to matrix with nearly free electrons, based on 2D-ACAR
experimental results for Ag-rich and Zn nanoclusters in Al
and the corresponding theoretical calculations. The FS-BZ

interaction is a key to understand the chemical composition
realized in the solute nanoclusters because the presence of
necks on the FS contributes to the reduction in the electron
energy due to the band-gap effect.
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